A new hyperelastic membrane material model is proposed for single layer blue phosphorus (β-P), also known as blue phosphorene. The model is fully nonlinear and captures the anisotropy of β-P at large strains. The material model is calibrated from density functional theory (DFT) calculations considering a set of elementary deformation states. Those are pure dilatation and uniaxial stretching along the armchair and zigzag directions. The DFT calculations are performed with the Quantum ESPRESSO package. The material model is compared and validated with additional DFT results and existing DFT results from the literature, and the comparison shows good agreement. The new material model can be directly used within computational shell formulations that are, for example, based on rotation-free isogeometric finite elements. This is demonstrated by simulations of the indentation and vibration of single layer blue phosphorus sheets at micrometer scales. The elasticity constants at small deformations are also reported.
Introduction
Two-dimensional materials are a fascinating group of materials that can have very different mechanical, electronic, chemical and optical properties than their bulk form [1] . Since the discovery of graphene, scientists have looked for other interesting two-dimensional materials, and phosphorus allotropes are very promising candidates due to their unique properties. Up to now, many stable two-dimensional structures have been predicted for phosphorus [2, 3] . Single layer black phosphorus (also known as phosphorene), as the first of this family to be discovered, has a large range of applications in field effect transistors [4] , optoelectronic devices [5] , sensors [6] , batteries [7] and energy storage [8, 9] . Xiao et al. [10] predicted the structure of single layer blue phosphorus. They used ab initio calculations to investigate its structure and predicted a higher band gap for single layer blue phosphorus than for black phosphorus. For simplicity, black and blue phosphorus refer to the two-dimensional structures of phosphorus in the rest of this paper. Zhang et al. [11] manufactured a single blue phosphorus layer through epitaxial growth on Au(111) by using black phosphorous as a precursor. While black phosphorus has a band gap of 0.3-0.4 eV, blue phosphorus has a much higher band gap of 2-3 eV [10, 12] , indicating its potential application in field-effect transistors and optoelectronic devices.
Mogulkoc et al. [13] studied the electronic and optical properties of phosphide/blue phosphorus heterostructures and suggested their applicability in new generation optoelectric devices due to their transparency to visible light and great absorption over the UV range. Sun et al. [14] used density functional theory (DFT) to study the thermomechanical properties of black and blue phosphorus. Li et al. [4] studied the application of single layer and double layer black and blue phosphorus in Li-ion batteries and predicted that both can be good electrode materials due to their small diffusion energy barriers and ability to maintain their layered structures during lithiation and delithiation processes. Liu et al. [15] investigated the effect of external strain on the electronic properties of blue phosphorus. Xiao et al. [12] predicted blue phosphorus to be an indirect p-type semiconductor with anisotropic properties. They calculated the carrier mobility of a blue phosphorus monolayer under uniaxial and biaxial strains and showed strain engineering can tune the properties of blue phosphorus.
Cooper et al. [16] used a Taylor expansion of the strain energy in order to describe molybdenum disulfide. Setoodeh & Farahmand [17] proposed an anisotropic continuum model for black phosphorus. They gave two parameter sets for uniaxial stretch along the armchair and zigzag directions. This model does not satisfy the periodicity of the black phosphorus lattice and does not predict the behaviour of the structure for loading along an arbitrary direction. So it cannot be used in continuum models such as the membrane model of Sauer et al. [18] and the shell model of Duong et al. [19] . Farahmand & Setoodeh [20] and Setoodeh & Farahmand [21] used dispersioncorrected DFT (DFT-D) to propose continuum material models for nylon-6,6, which are also nonlinear, hyperelastic and anisotropic. The models can accurately capture the behaviour of the material over a wide range of strains. Kumar & Parks [22] proposed an anisotropic, hyperelastic membrane material model for graphene. This model is nonlinear and directly calibrated from DFT data. It, therefore, does not require an interatomic interaction potential and thus avoids any inaccuracies resulting from it. Kumar & Parks [22] used their model to simulate nano-indentation of a micro-scale graphene sheet. Ghaffari et al. [23] extended their model to a Kirchhoff-Love shell model and implemented it within the finite-element formulation of Duong et al. [19] . Indentation and peeling of graphene sheets and torsion and bending of carbon nanotubes (CNTs) were simulated with this shell model, and it was used for the nonlinear modal analysis of graphene sheets and CNTs by Ghaffari & Sauer [24] . Ghaffari & Sauer [25] proposed a new efficient computational shell model for graphene and applied it to carbon nanocones (CNCs). Shirazian et al. [26] proposed a new set of material constants for the membrane material model of Kumar & Parks [22] .
In the current work, a new hyperelastic membrane material model is proposed for blue phosphorus. It is based on a set of invariants that are obtained from the symmetry of the lattice. This material model is nonlinear, anisotropic and calibrated with DFT data. In summary, the novelties of the current work are: [27] .
The remainder of this paper is organized as follows: In §2, the kinematics of deforming surfaces is summarized. In §3, a suitable structural tensor and a set of invariants are introduced for blue phosphorus. Based on these, a new hyperelastic membrane material model is proposed in §4. In §5, the model is calibrated and validated with DFT results considering various test cases. Section 6 presents numerical indentation and modal analysis examples. The paper is concluded in §7.
Kinematics
In this section, the kinematics of the deforming surface is summarized. It will then be used in the next sections to propose an anisotropic, hyperelastic continuum material model for blue phosphorus.
(a) Surface description
In order to describe surfaces in very general terms, curvilinear coordinates are used. Accordingly, a point on the surface in the reference configuration S 0 is indicated by 
while the contra-variant surface metric is
The covariant, a αβ , and contra-variant, a αβ , metric of S are defined analogously. The unit normal vector of S 0 is 
(b) Kinematics of deformation
The material model will be developed based on the logarithmic surface strain. The logarithmic surface strain can be either defined from the surface stretch tensor or the right Cauchy-Green surface deformation tensor, which both follow from the surface deformation gradient. Differential line elements in the reference and current configuration, denoted dX and dx, are connected by the rank-two surface deformation gradient F = a α ⊗ A α as dx = F dX, (2.10) where F is
The polar decomposition of F can be written as F = R U, (2.12) where R and U are the surface rotation and right surface stretch tensor. R is proper orthogonal, i.e. R −1 = R T and det R = 1, while U is symmetric. The spectral decomposition of U can be written as
where λ α and Y α are the eigenvalues and eigenvectors of U. The right Cauchy-Green surface deformation tensor is
where Λ α = λ 2 α , and the eigenvectors of C and U are the same. U or C can be used to define the logarithmic surface strain E (0) as where I is the surface identity tensor on S 0 .
Structural tensor and invariants of blue phosphorus
In this section, the structural tensor and a set of invariants for hexagonal structures such as blue phosphorus are given. They are needed in order to model the anisotropic behaviour of the material. The structural tensors of a lattice with a symmetry group of n-fold rotational symmetry and reflection plane C nv can be written as [28] H n :=
, n = even and n = 2m,
is the tensor product of taking (•) n times, indicates the real part, x and y are two orthonormal vectors, where at least one of them is in the symmetry plane of the crystal (figure 2), and M and N are defined as
For blue phosphorus, x is assumed to be in the armchair direction. The blue phosphorus lattice has a rotational symmetry of 2π/3. But, as will be shown later, its constitutive law has the higher symmetry of π/3, i.e. n = 6. In this case, H n becomes
while a suitable set of invariants based on the logarithmic surface strain are [22, 25] J 1 = ln J,
where Y 1 is the eigenvector corresponding to the largest eigenvalue. Further, J = λ 1 λ 2 is the surface area change, and θ is the angle at which the maximum stretch is applied. It is measured relative to the armchair direction 1 in the range −π < θ ≤ π . J 1 and J 2 capture isotropic behaviour, while J 3 captures anisotropic behaviour. J 1 is characterizing area-changing deformations, while J 2 is characterizing shape-changing deformations.
Material model
In this section, the previously obtained invariants are used to propose a function for the strain energy density W. The proposed continuum model is designed such that it can fully capture the nonlinear material behaviour of phosphorene across the whole range of feasible strains as it is obtained by the DFT calculations. Since the model is capturing the energy density as well as all stress components, it needs to have several material constants. From W, the Cauchy surface stress 2 tensor follows as
is the second Piola-Kirchhoff surface stress tensor. In general, W contains several material constants that need to be calibrated from experimental, atomistic or quantum data. In the current work, W is calibrated from DFT results of the strain energy density and Cauchy surface stress tensor σ . Details on the DFT simulations are given in appendix A. A pure dilatation test and two uniaxial stretching tests (one along the armchair and one along the zigzag direction) are used for the calibration. The material parameters are obtained such that the cost function
is minimized using the fmincon function in Matlab [29] . Choosing the weight factor Λ = 1 means that the energy and stress contribute equivalently to the cost function. Here, 'QM' indicates the quantum data, N QM is the number of data points and • 2 is the L2-norm. 3 In this work, the 2 with units of [N m −1 ] and in plane-stress format. 3 For a second-order tensor σ , the L2-norm is defined as strain energy functional, per unit reference area, 4 is proposed 5 as
where f i are polynomial functions of J 1 defined as
Here n i , μ ij and η i are material parameters. The three test cases used for their determination are presented in §5a. The result of this calibration step is the material parameters given in tables 1-3.
With these, the material model of equations (4.4) and (4.5) is fully defined, and classical material properties-such as Young's modulus and Poisson's ratio-can be obtained as shown in §5b (see table 5 ).
Using the partial derivatives of the three invariants J i with respect to E (0) , see appendix B, the logarithmic surface stress tensor, S (0) , that is conjugate to E (0) , can be computed as
where the f i := ∂f i /∂J 1 are Using the second partial derivatives of J i with respect to E (0) , see appendix B, the corresponding elasticity tensor can be written as
where the f i are
For a finite-element implementation, e.g. within the model of Sauer et al. [18] and Duong et al. [19] , the contravariant components of the Kirchhoff surface stress tensor τ αβ and its corresponding elasticity tensor are needed, see appendix C. Therefore, the logarithmic surface stress and elasticity tensor need to be transformed to the Cauchy surface stress tensor σ and its corresponding elasticity tensor. τ αβ is defined based on the contravariant components of the Cauchy surface stress tensor, σ αβ := a α · σ a β , 6 as τ αβ := det(F) σ αβ . (4.10)
Using (4.1), τ αβ can then be calculated from the second Piola-Kirchhoff surface stress tensor S as
where S can then be obtained from W using the chain rule as S = 2 ∂W ∂E (0) :
where ∂W/∂E (0) is given in (4.6) and ∂E (0) /∂C can be found in the work of Kumar & Parks [22] and Ghaffari et al. [23] . The transformation of (4.12) and the corresponding transformation for the elasticity tensor are provided by Kumar & Parks [22] and Ghaffari et al. [23] for graphene. Ghaffari & Sauer [25] pointed out that this transformation is computationally expensive and rather complicated. Therefore, a finite difference formulation is considered here as discussed in appendix D. In the proposed model, the two-dimensional phosphorene structure is assumed to satisfy the plane-stress condition, i.e. there is no thickness stress. This implies that the structure is free to expand in the thickness direction. Hence, there will be a thickness change λ 3 for general deformations. λ 3 is determined from the DFT simulations, which are then used to propose the following isotropic function based on the first and second invariants,
where p i and s i are given in table 4. A cost function similar to (4.3) is used to determine these constants from the three test cases presented in the following section. 
Model calibration and validation
In this section, first, the three calibration tests are described. Then, the continuum results from the proposed blue phosphorus material model are compared and validated with DFT results of the current work and the literature. Finally, the linear elastic constants are reported and compared with the literature.
(a) Calibration
The calibration is conducted by performing one pure dilatation test and two uniaxial stretching tests. Altogether, 520 DFT datasets (see electronic supplementary material) are used for this calibration, leading to the material parameters listed in tables 1-3. For pure dilatation, 7 the hexagonal structure does not change and the material behaviour is isotropic. Figure 3 shows the variation of the energy density and surface tension 8 with respect to the area change invariant J 1 . The energy density increases monotonically. The surface tension reaches a maximum and then begins to decrease. The DFT results are only considered up to this point since the lattice ruptures beyond that point. This maximum occurs sooner in the continuum model than in the DFT results.
Next the lattice is stretched in the armchair or zigzag direction, while being fixed in the perpendicular direction in order to produce uniaxial stretch. 9 The energy density and Cauchy surface stress components are shown in figure 4 . The material behaves anisotropic under uniaxial stretch and it fails sooner if stretched in the armchair direction instead of the zigzag direction. The strain energy density and stress σ 11 for stretch along the armchair direction are higher than for stretch along the zigzag direction, while it is vice versa for σ 22 . The continuum and DFT results are 7 Pure dilatation of a surface means a deformation state in which an equal strain is applied in all in-plane directions. 8 γ = 1/2 tr σ . 9 Uniaxial stretch means a deformation state in which a strain is applied in one direction, while the strain is zero in the perpendicular direction. For this (and any other) strain state, the continuum stress follows from equations (4.1), (4.2) and (4.12). in good agreement for all tests. The results are reported up to the maximum stress point beyond which the material becomes unstable. Figure 5 shows the calibration of the out-of-plane stretch λ 3 under pure dilatation and uniaxial stretch. The same 520 DFT datasets are used for this calibration, leading to the parameters listed in table 4. The material shows an approximate isotropic response for both cases. In both cases, λ 3 decreases monotonically up to the failure point.
(b) Validation
For uniaxial stretch along the armchair and zigzag direction, the current continuum model and DFT results are compared and validated with the DFT results of Peng et al. [30] in figure 4 . As seen, they are a good agreement.
For further validation of the model, the Young's modulus E, shear modulus G, bulk modulus K and Poisson's ratio ν are obtained in the small deformation regime and compared with reported values from the literature in table 5. Given the plane-stress material model in §4, those material constant turn out to be E = 4G K/(G + K), G = μ 10 /2, K = 2n 2 and ν = (K − G)/(K + G). Compared to other results, the proposed continuum model behaves stiffer by about 10-15%.
Next, the material is stretched in different directions and the variation of the stresses with respect to the stretch direction is reported in figure 6 . The continuum and DFT results are in very good agreement. The DFT results for θ = 10 • , 20 • , 40 • , 50 • have not been used for the material calibration and so they can be used for the validation of the model. The material has a rotational periodicity of π/3 since a rotation of π/3 results in a reflection of the structure with respect to its mid-plane, which does not affect the mechanical properties of the blue phosphorus monolayer. 
Simulation results at large length scales
The model has been validated in the previous section. In this section, it will be used to model a large micrometer phosphorene specimen under indentation and vibration. The specimen consists of more than five million atoms. Molecular dynamics simulations would be too expensive at this length scale. The continuum model, on the other hand, has only 9000 nodes for the finest mesh.
Thus, the continuum model has more than 500 times less degrees of freedom than the atomistic system. Beyond that, there presently exists no suitable atomistic potential for blue phosphorus.
(a) Blue phosphorene indentation
A circular blue phosphorene sheet is indented with a spherical indentor. The boundary is fixed (but free to rotate) as shown in figure 7a . The membrane is pre-strained by different magnitudes in order to stabilize it. For simplicity, only one-quarter of the specimen is modelled using the FE formulation of Sauer et al. [18] . At each Gauss point in the finite-element method, the stress and elasticity tensor are needed, see appendix C. Here, they are calculated from the energy functional using a finite difference method, see appendix D. The phosphorene specimen and indentor radii are 500 nm and 16.5 nm, respectively. A bi-linear Lagrangian mesh with 3253 finite elements is used for the simulation (figure 7b). The reaction force only changes by about 0.05% between the finest and second finest mesh. The deformed geometry and force-displacement graph are shown in figures 8 and 9. The force-displacement curve is linear for high pre-strains but shows pronounced nonlinearity otherwise. The curves terminate at a certain load level due to material instability (i.e. failure).
(b) Blue phosphorene vibration
Next, the variation of the frequencies for a square phosphorene sheet is obtained analytically. The frequencies of a pre-strained rectangular sheet are [25, 31] w (1, 1) w (1,1) w (1, 2) w (1, 2) w (2, 2) w (1, 3) w (1, 3) w (2, 3) w (1, 4) where ω 2 (m,n) are the square of the frequencies andω (m,n) are related to the bending stiffness, which can be neglected for large sheets (ω (m,n) ≈ 0) [25] , ρ = 1.101 × 10 −6 kg m −2 is the surface mass density, a and b are the half length and half width of the sheet and σ x and σ y are the normal surface stress components along the edges a and b [31] . m and n are the number of half waves in the mode shapes along the edges a and b.
Under pure dilatation, σ x and σ y can be written in closed form as
Based on this expression, the variation of the frequencies for a square sheet with a = b = 250 nm follows as is shown in figure 10a . Under uniaxial stretch along the armchair and zigzag directions, σ x and σ y can be computed from (4.1). 10 Based on this, the variation of the frequencies against figure 10b . The material behaviour is anisotropic for uniaxial stretch and the frequencies are increasing faster if the sheet is stretched along the zigzag direction instead of the armchair direction. The frequencies increase monotonically up to the instability point, beyond which the material is unstable.
Conclusion
A new hyperelastic material model is proposed for blue phosphorus (β-P). The procedure of the DFT simulations is as follows: first, a preliminary set-up of the simulations is created by choosing the simulation parameters such as the exchange-correlation functional and pseudopotential, as well as making an initial guess for the structural parameters, which can, for example, be taken from previous experimental or atomistic works. The convergence of the total energy with respect to increasing the energy cut-offs and refining the k-mesh is then studied through self-consistent field (SCF) simulations. The energy cut-offs and k-mesh are chosen once the desired energy accuracy is achieved. The structure is then relaxed and optimized based on the chosen simulation parameters. Afterwards, the virtual tests are carried out by application of the strain increments of each test to the relaxed lattice. At each strain level, the lattice vectors are kept constant and the atomic positions are relaxed. Finally, the energy and stress values are computed for the corresponding strain level. The DFT results are then used to calibrate and validate the continuum results as described in §5.
Appendix B. Derivative of the invariants with respect to logarithmic strain
The first and second derivatives of the invariants J i with respect to the logarithmic strain E (0) are needed in the derivation of the stress and elasticity tensors. The first derivatives are [22] In these formulae, a αβ and a αβ can be replaced by the Cartesian components of C and its increment C, in order to compute the Cartesian components of the second Piola-Kirchhoff surface stress tensor S and its conjugate elasticity tensor C since S = 2∂W/∂C and C = 4∂ 2 W/∂C∂C. 
